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a b s t r a c t
Let Fk be a mapping from RZ to RZ , satisfying that for x ∈ RZ and n ∈ Z, Fk(x)(n) is the
(k+1)th largest value (median value) of the 2k+1numbers x(n−k), . . . , x(n), . . . , x(n+k).
In [3] [W.Z. Ye, L. Wang, L.G. Xu, Properties of locally convergent sequences with respect
to median filter, Discrete Mathematics 309 (2009) 2775–2781], we conjectured that for
k ∈ {2, 3}, if there exists n0 ∈ Z such that x is locally finitely convergent with respect to Fk
on {n0, . . . , n0 + k − 1}, then x is finitely convergent with respect to Fk. In this paper, we
obtain some sufficient conditions for a sequence finitely convergingwith respect tomedian
filters. Based on these results, we prove that the conjecture is true.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, k is a fixed positive integer, Z and R are the set of integers and the set of real numbers respectively, and RZ
is the set of real-valued functions on the set of integers.
Definition 1. If Fk : RZ → RZ satisfies that for any x ∈ RZ , Fk(x)(n) is the (k + 1)th largest value (median value) of the
2k+ 1 numbers x(n− k), . . . , x(n), . . . , x(n+ k), then Fk is themedian filter with window width 2k+ 1.
Definition 2. Suppose that Fk is the median filter with width 2k + 1. For any x ∈ RZ , let x(0) = x and x(1) = Fk(x), and for
p ≥ 1 let x(p+1) = Fk(x(p)).
• If x(1) = x, then x is a root of Fk; if x ∈ RZ is a root of Fk and all segments with length k+ 1 in x are monotone, then x is a
root of category I; otherwise, x is a root of category II;
• If x(1) ≠ x and there exists s ≥ 2 such that x(s) = x, then x is a recurrent sequence of Fk;• Suppose∆ ⊂ Z. If for each n ∈ ∆, limp→∞ x(p)(n) exists and is finite, then x is locally convergent with respect to Fk on∆;
• If limp→∞ x(p)(n) = r(n) is a real number for each n ∈ Z, then x is convergent with respect to Fk, denoted by
x(p) → r (as p →∞).
Definition 3. Suppose that Fk is the median filter with width 2k+ 1 and x ∈ RZ . If for each n ∈ ∆ ⊂ Z, there exists pn ∈ N
such that x(p)(n) = x(pn)(n) for all p ≥ pn, then x is locally finitely convergent with respect to Fk on ∆; if ∆ = Z, then x is
finitely convergent with respect to Fk; if there exists a positive integer p such that x(p) = x(p+1), then x is uniformly finitely
convergent with respect to Fk.
On properties of locally finitely convergent sequences with respect to median filters, in [3] we obtained the following
result.
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Theorem 1 ([3]). Suppose that Fk is a median filter with width 2k + 1 and x ∈ RZ . If there exists n0 ∈ Z such that x is locally
finitely convergent with respect to Fk on {n0, . . . , n0 + 2k − 2}, then x is finitely convergent with respect to Fk. Moreover, this
value 2k− 2 is the smallest possible for k > 3.
In [3], we also gave the following conjecture.
Conjecture. For k ∈ {2, 3}, if there exists n0 ∈ RZ such that x is locally finitely convergent with respect to Fk on {n0, . . . , n0 +
k− 1}, then x is finitely convergent with respect to Fk. Moreover, this value k− 1 is the smallest possible.
In this paper, we will prove the conjecture.
2. Proof of conjecture
For x ∈ RZ andn1, n2 ∈ Zwithn1 < n2, that a segment {x(j)}n2j=n1 in x ismonotone if either x(n1) ≥ x(n1+1) ≥ · · · ≥ x(n2)
or x(n1) ≤ x(n1 + 1) ≤ · · · ≤ x(n2). To prove the conjecture, the following known results will be used later.
Proposition 1 ([1]). If x is a root of category II of Fk, then x is bi-valued; that is, there exist two real numbers a, b with a ≠ b
such that x(n) ∈ {a, b} for all n ∈ Z, and all segments with length k+ 1 in x are not monotone.
Proposition 2 ([3]). For k ∈ {2, 3}, if there exists n0 ∈ Z such that x is locally convergent with respect to Fk on {n0, . . . , n0 +
k− 1}, then x is convergent with respect to Fk. Moreover, this value k− 1 is the smallest possible.
By the definition of Fk, we have the following lemma.
Lemma 1. If Fk is a median filter with width 2k+ 1, x ∈ RZ , and a ∈ R, then for any n ∈ Z, the following four statements hold.
(i) x(1)(n) ≥ a ifandonlyif in {x(n+ j)}kj=−k there are at least k+ 1 terms not less than a.
(ii) If max−k≤j≤k{x(n+ j)} ≤ a, thenmax−k≤j≤k{x(1)(n+ j)} ≤ a.
(iii) If max−k≤j≤−1{x(n− j)} ≤ min0≤j≤k{x(n+ j)}, then x(1)(n) = min0≤j≤k{x(n+ j)}.
(iv) Let E = {i : x(i) ≤ a, n− k ≤ i ≤ n+ k}. If |E| = k+ 1, then x(1)(n) = maxj∈E{x(j)}.
Lemma 2. Suppose that x ∈ RZ converges to α with respect Fk and α is a root of category I of Fk. If there exists n0 ∈ Z and q > 0
such that
x(p)(n) = α(n), for p ≥ q and n0 ≤ n ≤ n0 + k− 1, (1)
and there exists p1 > q such that
x(p1)(n0 − 1) < α(n0) ≤ α(n0 + 1) ≤ · · · ≤ α(n0 + k− 1) < x(p1)(n0 + k), (2)
then x(p)(n0 − 1) = x(p1)(n0 − 1) and x(p)(n0 + k) = x(p1)(n0 + k) for p ≥ p1.
Proof. Without loss of generality, we only prove x(p)(n0 + k) = x(p1)(n0 + k) for p ≥ p1.
Since x(p1)(n0 + k) > α(n0 + k − 1), by Lemma 1(i) in {x(p1−1)(n0 + j)}2kj=0 there are at least k + 1 terms larger than
α(n0 + k − 1). By (1) and (2), the k terms x(p1−1)(n0), x(p1−1)(n0 + 1), . . . , x(p1−1)(n0 + k − 1) are less than or equal to
α(n0 + k− 1). Therefore, the k+ 1 terms x(p1−1)(n0 + k), . . . , x(p1−1)(n0 + 2k) are all larger than α(n0 + k− 1). Thus, we
have
max
0≤j<k
{x(p1−1)(n0 + j)} < min
k≤j≤2k{x
(p1−1)(n0 + j)}.
So, by Lemma 1(iii) we have
α(n0 + k− 1) < x(p1)(n0 + k) = min
k≤j≤2k{x
(p1−1)(n0 + j)}. (3)
Therefore, by Lemma 1(ii) we have
α(n0 + k− 1) < x(p1)(n0 + k) ≤ min
k≤j≤2k{x
(p1)(n0 + j)}.
Again by (1) and (2), we also have that max0≤j<k{x(p1)(n0 + j)} < x(p1)(n0 + k). Thus, by Lemma 1(iii) we have
x(p1+1)(n0 + k) = mink≤j≤2k{x(p1)(n0 + j)}. So
x(p1+1)(n0 + k) = x(p1)(n0 + k) > α(n0 + k− 1).
By a similar argument for p1 + 1, we also have
x(p1+2)(n0 + k) = x(p1+1)(n0 + k) > α(n0 + k− 1).
Continuing in this way, we conclude that x(p)(n0 + k) = x(p1)(n0 + k) for p ≥ p1. 
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Note 1. In fact, if (2) in Lemma 2 is replaced by
x(p1)(n0 − 1) > α(n0) ≥ α(n0 + 1) ≥ · · · ≥ α(n0 + k− 1) > x(p1)(n0 + k),
then Lemma 2 is also true.
Theorem 2. Suppose that x ∈ RZ converges to a root of categoryI of Fk. If there exists n0 ∈ Z such that x is locally finitely
convergent with respect to Fk on {n0, . . . , n0 + k− 1}, then x is finitely convergent with respect to Fk.
Proof. Suppose
lim
p→∞ x
(p)(n) = α(n), for n ∈ Z (4)
and α ∈ RZ is a root of category I of Fk. Then the segment {α(n0 + j)}k−1j=0 is monotone. Therefore, without loss of generality,
let
α(n0) ≤ α(n0 + 1) ≤ · · · ≤ α(n0 + k− 1). (5)
Since x is locally finitely convergent with respect to Fk on {n0, . . . , n0 + k− 1}, there exists q > 0 such that
x(p)(n) = α(n), for p ≥ q and n0 ≤ n ≤ n0 + k− 1. (6)
Next we will prove that there exists p0 > q such that
x(p)(n0 + k) = x(p0)(n0 + k) for p ≥ p0. (7)
Case 1. α(n0) = α(n0 + 1) = · · · = α(n0 + k− 1).
In this case, if there exists p′ ≥ q such that x(p′)(n0 + k) > α(n0 + k− 1), then by Lemma 2 we have
x(p)(n0 + k) = x(p′)(n0 + k) for p ≥ p′;
if there exists p′′ ≥ q such that x(p′′)(n0 + k) < α(n0 + k− 1), then, by Note 1 we have
x(p)(n0 + k) = x(p′′)(n0 + k) for p ≥ p′′.
The reasoning above shows that (7) holds.
Case 2. There exists t, n0 < t < n0 + k such that
α(n0) ≤ α(n0 + 1) ≤ · · · ≤ α(t − 1) < α(t) = · · · = α(n0 + k− 1). (8)
In this case, since α is a root of category I of Fk, by Proposition 1 and (5), we have
α(n0 − 1) ≤ α(n0) ≤ α(n0 + 1) ≤ · · · ≤ α(t − 1) < α(t) = · · · = α(n0 + k− 1).
Since limp→∞ x(p)(n0 − 1) = α(n0 − 1) by (4), there exists p1 > q such that
x(p)(n0 − 1) < α(t) = α(n0 + k− 1) for p ≥ p1. (9)
In this case, we will prove the following result:
x(p)(n0 + k) ≥ α(n0 + k− 1) for p > p1. (10)
In fact, if this is not true, then there exists p2 > p1 such that x(p2)(n0 + k) < α(n0 + k− 1). On one hand, by Lemma 1(ii)
in {x(p2−1)(n0 + j)}2kj=0 there are at least k+ 1 terms less than α(n0 + k− 1). However, by (6) and (8), in {x(p2−1)(n0 + j)}k−1j=0
there are only t− n0 terms less than α(n0+ k− 1). Therefore, in {x(p2−1)(n0+ j)}2kj=k there are at least k+ 1− (t− n0) terms
less than α(n0 + k− 1). Thus, we have
(A) in {x(p2−1)(n0 + j)}2k−1j=k there are at least k− (t − n0) terms less than α(n0 + k− 1).
On the other hand, by (9) in {x(p2−1)(n0+ j)}k−1j=−1 there are only t − n0+ 1 terms less than α(n0+ k− 1). Therefore, from
x(p2)(n0+ k− 1) = α(n0+ k− 1) and Lemma 1(ii) it follows that in {x(p2−1)(n0+ j)}2k−1j=−1 there are at most k terms less than
α(n0 + k− 1). Thus we also have
(B) in {x(p2−1)(n0+ j)}2k−1j=k there are at most k− (t−n0+1) terms less than α(n0+k−1). It is clear that (A) contradicts
(B), so (10) holds.
By (10) and Lemma 2, (7) holds.
Similarly, we can prove that there exists pn0−1 > q such that x
(p)(n0 − 1) = x(p1)(n0 − 1) for p ≥ pn0−1. Continuing in
this way, we conclude that for each n ∈ Z there exists a positive integer pn such that x(p)(n) = x(pn) for p ≥ pn; that is, the
sequence x is finitely convergent with respect to Fk.
The proof of Theorem 2 is complete. 
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Theorem 3. Suppose a, b ∈ R and a < b, and β ∈ {a, b}Z is a root of category II of Fk such that for each n ∈ Z,
k−
j=−k
β(j) =

(k+ 1)a+ kb, if β(n) = a;
ka+ (k+ 1)b, if β(n) = b. (∗)
If x ∈ RZ converges to β and there exists n0 ∈ Z such that x is locally finitely convergent with respect to Fk on ∆0 = {n0, . . . ,
n0 + k− 1}, then x is finitely convergent with respect to Fk.
Proof. It is clear that (∗) in the theorem implies that if β(n) = a, then in {β(n+ j)}kj=−k there are k+ 1 terms equal to a and
k terms equal to b; if β(n) = b, then in {β(n+ j)}kj=−k there are k+ 1 terms equal to b and k terms equal to a.
We now define the following two sets,
Ea = {i : β(i) = a, n0 − k ≤ i ≤ n0 + 2k} and Eb = {i : β(i) = b, n0 − k ≤ i ≤ n0 + 2k}.
It is clear that Ea

Eb = {n0−k, . . . , n0+2k} and
{i− k, . . . , i+ k} Ea {i− k, . . . , i+ k} Eb = {i−k, . . . , i+k}
for n0 ≤ i ≤ n0 + k.
Since x converges to β and is locally finitely convergent with respect to Fk on {n0, . . . , n0 + k− 1} denoted by∆0, there
exists q0 such that for p ≥ q0, we have
x(p)(i) = β(i), i ∈ ∆0; x(p)(i) < a+ b2 , i ∈ Ea; x
(p)(i) >
a+ b
2
, i ∈ Eb. (11)
Next we will prove the following two results:
(A) If β(n0 + k) = a, then x(p)(n0 + k) = a for p > q0;
(B) If β(n0 + k) = b, then x(p)(n0 + k) = b for p > q0.
The proofs of (A) and (B) are similar, so we only prove (A).
In fact, by Proposition 1 the segment {β(n0 + j)}kj=0 is not monotone, so∆0

Ea ≠ ∅. Let i0 ∈ ∆0 Ea and p > q0.
By (11) we have
x(p−1)(i) >
a+ b
2
> a for i ∈ {i0 − k, . . . , i0 + k}

Eb
and
x(p−1)(i) <
a+ b
2
< b for i ∈ {i0 − k, . . . , i0 + k}

Ea.
By (∗), we conclude that {i0 − k, . . . , i0 + k} Eb = k and {i0 − k, . . . , i0 + k} Ea = k + 1. Thus by Lemma 1(iv) we
have
x(p)(i0) = max

x(p−1)(i) : i ∈ {i0 − k, . . . , i0 + k}

Ea

.
Since x(p)(i0) = a and n0 + k ∈ {i0 − k, . . . , i0 + k} Ea, x(p−1)(n0 + k) ≤ a. By the arbitrariness of p (for p > q0) we have
x(p)(n0 + k) ≤ a, for p > q0. (12)
By (11) we have
x(p−1)(i) >
a+ b
2
> a for i ∈ {n0, . . . , n0 + 2k}

Eb
and
x(p−1)(i) <
a+ b
2
< b for i ∈ {n0, . . . , n0 + 2k}

Ea.
Since β(n0 + k) = a, by (∗) we have
{n0, . . . , n0 + 2k} Ea = k + 1 and {n0, . . . , n0 + 2k} Eb = k. Therefore, by
Lemma 1(vii) we have
x(p)(n0 + k) = max

x(p−1)(i) : i ∈ {n0, . . . , n0 + 2k}

Ea

.
Since i0 ∈ {n0, . . . , n0 + 2k} Ea and x(p−1)(i0) = a,
x(p)(n0 + k) = max

x(p−1)(i) : i ∈ {n0, . . . , n0 + 2k}

Ea

≥ a.
Thus, we have
x(p)(n0 + k) ≥ a, for p > q0. (13)
Combining (12) and (13), we have that x(p)(n0 + k) = a for p > q0.
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Similarly, we can prove that there exists pn0−1 such that x
(p)(n0 − 1) = x(pn0−1)(n0 − 1) for p ≥ pn0−1. Continuing in this
way, we conclude that for each n ∈ Z there exists a positive integer pn such that x(p)(n) = x(pn)(n) for p ≥ pn; that is, the
sequence x is finitely convergent with respect to Fk.
The proof of Theorem 3 is complete. 
Proof of conjecture. For k = 2, by Proposition 2, we have x is convergent with respect to F2. Let x(p) → α = {α(n)}. If α is
a root of category, by Theorem 2 we have that x is finitely convergent with respect to F2; If α is a root of category II, then α
is periodic and the segment [c, d] is a period of α, i.e., α is of the following form
. . . , c, d, c, d, . . . ,
where c ≠ d [2,4]. Therefore, by Theorem 3, x is finitely convergent with respect to F2.
For k = 3, by Proposition 2, we have x is convergent with respect to F3. Let x(p) → β = {β(n)}. If β is a root of category I,
by Theorem 2 we have that x is finitely convergent with respect to F3; If β is a root of category II, then β is periodic and the
segment [c, d, d, c, d, c, c, d] is a period of β , i.e., β is of the following form
. . . , c, d, d, c, d, c, c, d, c, d, d, c, d, c, c, d, . . . ,
where c ≠ d [2,4]. Therefore, by Theorem 3, x is finitely convergent with respect to F3.
Proposition 2 shows that this value k− 1 in the conjecture is the smallest possible for k ∈ {2, 3}. 
Remark. From the proof of the conjecture, we know that it is the special property of roots of category II of F2 and F3 that
results in the difference between cases for k ∈ {2, 3} and that for k ≥ 4 in Theorem 1.
A further problem is to study the uniformly finitely convergence of x ∈ RZ with respect to Fk. This is a challenging topic.
Next we will state a few simple results on the topic.
If x ∈ RZ satisfies one of the following three conditions, then x ∈ RZ is uniformly finitely convergent with respect to Fk.
(1) x ∈ RZ is periodic; that is, there exists a positive integer L such that x(n + L) = x(n) for each n ∈ Z, and there exists a
constant segment with length k+ 1 in x.
(2) There exist n1, n2 ∈ Zwith n1 < n2 such that x(i) = x(n1) for i < n1 and x(i) = n2 for i > n2.
(3) x ∈ {a, b}Z with a, b ∈ R and x converges to β , where β satisfies
k−
j=−k
β(j) =

(k+ 1)a+ kb, if β(n) = a;
ka+ (k+ 1)b, if β(n) = b.
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